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$V=\{F(u, v)=x_{1}u^{3}+x_{2}u^{2}v+x_{3}uv^{2}+x_{4}v^{3}|x_{1},$ $x_{2},$ $X_{3},$ $X_{4}\in \mathrm{R}\}$
V $L$ $\hat{L}$
$L=\{F(u, v)=x_{1}u^{3}+x_{2}u^{2}v+x_{3}uv^{2}+x_{4}v^{3}|x_{1},x_{2},$ $X_{3},$ $X_{4}\in \mathrm{Z}\}$







V $F(u, v)$ $GL(2, \mathrm{R})$ $g$
$gF(u, v)=F((u, v)g)$







. $h(n)=\#\{L(n)$ $\prod\overline{\mathrm{o}}\text{ }\}$
$\hat{h}(n)=\#\{\hat{L}(n)$ $\prod\overline{\mathfrak{o}}\text{ }\}$
$h_{1}(n)=\#\{L(n)$ $SL(2, \mathrm{Z})$ rder 1 $\text{ ^{ } }\}$
$\hat{h}_{1}(n)=\#\{\hat{L}(n)$ $SL(2, \mathrm{Z})$ rder 1 }
$h_{2}(n)=\#\{L(n)$ $SL(2, \mathrm{Z})$ order 3 }
$\wedge h_{2}(n)=\#\{\hat{L}(n)$ $SL(2, \mathrm{Z})$ order 3 $\text{ }\}$
$n\neq 0$ $h(n)=h_{1}(n)+h_{2}(n)$
T. $\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{i}[25]$ 3 Dirichlet
$\xi_{1}(L, s)$ $= \sum_{n=1}^{\infty}\frac{h_{1}(n)+\frac{1}{3}h_{2}(n)}{n^{s}}$
$\xi_{2}(L, s)$ $= \sum_{n=1}^{\infty}\frac{h(-n)}{n^{s}}$
$\xi_{1}.(\hat{L}., s)$
$=$ $\sum_{n=1}^{\infty}\frac{\hat{h}_{1}(n)+\frac{1}{3}h2(n)\wedge}{n^{s}}$
$\xi_{2}(\hat{L}, s)$ $=$ $\sum_{n=1}^{\infty}\frac{\hat{h}(-n)}{n^{s}}$










$i=1$ [$k$ : Ql $\leq 3$ totally real
$i=2$ [$k$ :Ql $\leq 3$ complex place
$\zeta$ Riemann $\zeta_{k}$ k Dedekind $\Delta_{k}$ $k$
$o(k),$ $Rk(s)$
$o(k)=\{$
6, if $[k:\mathrm{Q}]=1$ ,
2, if $[k:\mathrm{Q}]=2$ ,
3, if $1^{k:}\mathrm{Q}$] $=3$ ,
$R_{k}(s)=\{$
$\zeta(s)^{3}$ , if $[k:\mathrm{Q}]=1$ ,
$\zeta(s)\zeta_{k}(s),$ if $[k:\mathrm{Q}]=2$ ,







(i) $\xi_{1}(\hat{L}, s)$ $=$ $3^{-3s}\xi 2(L, s)$
(ii) $\xi_{2}(\hat{L}, s)$ $=$ $3^{1-3s}\xi_{1}(L, s)$
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(i) (ii) 2.1 (i)
$\xi_{2}(L, 1-s)=\Gamma(s-\frac{1}{6})\Gamma(s)^{2}\mathrm{r}(S+\frac{1}{6})2-133s-2-4s\pi$
$\cross\{3\sin\pi S\xi 2(L, s)+3^{3s}\sin 2\pi S\xi 2(\hat{L}, S)\}$
$s$ l-s
$\xi_{2}(L, S)=\mathrm{r}(\frac{5}{6}-s)\Gamma(1-S)^{2}\Gamma(\frac{7}{6}-s)2^{-}131-3s\pi 4s-4$
$\cross \mathrm{t}3\sin\pi s\xi 2(L, 1-S)-3^{3}(\iota-s)\pi\sin 2S\xi 2(\hat{L}, 1-s)\}$
$\frac{1}{\Gamma(1-z)}=\frac{\sin\pi z}{\pi}\Gamma(z)$
$\xi_{2}(L, s)\sin\pi(s-\frac{1}{6})\sin^{2}\pi s\sin\pi(S+\frac{1}{6})\mathrm{r}(s+\frac{1}{6})\Gamma(S)^{2}\mathrm{r}(s-\frac{1}{6})2\cdot 3^{3_{S-}}1\pi-4_{S}$
$=3\sin\pi s\xi 2(L, 1-S)-3^{3}(1-S)\mathrm{i}\mathrm{n}2\mathrm{s}\pi s\xi_{2}(\hat{L}, 1-S)$
$\xi_{2}(L, 1-S)$
$3^{3(1-S}) \xi 2(\hat{L}, 1-s)=\mathrm{r}(s-\frac{1}{6})\Gamma(_{S)\mathrm{r}(s}2+\frac{1}{6})2^{-1}33S-2-4s\pi$
$\cross\{3\sin 2\pi s\xi_{2}(L, s)+3^{3s+1}\sin\pi s\xi 2(\hat{L}, s)\}$
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(i) – $3\xi_{1}(L, 1-s)$
$s$ l–s





3.1 $s= \frac{1}{2}$ –
2
2.1
(i) ${\rm Res}_{s=1}(\xi_{1}(\hat{L}, S))$ $=$ $\frac{\pi^{2}}{162}=3^{-3}\frac{\pi^{2}}{6}=3^{-\mathrm{a}_{{\rm Res}_{S=}}}1(\xi_{2}(L, s))$
${\rm Res}_{\dot{s}=\frac{5}{6}(\xi(S}1^{\cdot}\hat{L},))$
$=$ $\frac{\sqrt{3}}{162}r=3^{-\frac{5}{2}}\frac{1}{6}r=3^{-}3\cdot\frac{5}{6}{\rm Res}_{s=}\frac{5}{\epsilon}(\xi 2(L, s))$
(ii) ${\rm Res}_{s=1}(\xi_{2}(\hat{L}, S))$ $=$ $\frac{\pi^{2}}{81}=3^{-2}\frac{\pi^{2}}{9}=31-3{\rm Res}_{s=}1(\xi_{1}(L, s))$






T. Shintani $h$ $\hat{h}$
3.1 (T. $\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{i}[25]$ ) $n>0$
$2h_{2}(n)=\#\{(x, y)\in \mathrm{Z}^{2}|(9x^{2}+3xy+y^{2})^{2}=n\}$
$2h_{2}(n)\wedge=\#\{(x, y)\in \mathrm{Z}^{2}|81(x^{2}+xy+y^{2})^{2}=n\}$
B. Datskovsky D. $\mathrm{J}$ . $\mathrm{W}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{l}4$ ]
$Z_{\pm}(s)=2^{s}3^{\frac{3}{2}}s\pi-2S\Gamma(s)\Gamma(+\mp_{\overline{6}})\overline{2}\overline{4}\Gamma(_{\overline{2}}+)\overline{4}^{\mp}\overline{3}(3\overline{2}\xi 1(L, S)\pm\xi 2(L, S))$
$s$ 1 1 $s$ 1 1 1
$\dot{Z}_{\pm}(1-S)=Z_{\pm}(s)$
42 $\overline{\pi}3$
2 3 H. Davenport
2 3
G. Eisenstein $[11][12]$ F. $\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{d}\mathrm{t}[21[3]$
$\hat{L}$ 3
$F(u, v)=x_{1}u^{3}+3_{X_{2}}u^{2}v+3x_{3}uv^{2}+x_{4}v^{3}\in\hat{L}$
Hessian 3 2 3
( D3 ) 2
covariant Arndt
3 ( )




G. B. Mathews W. E. H. $\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{C}\mathrm{k}[15][16]$ $L$
( )3 -1000 $D_{3}$
Hessian 2 3 3







3 ( ) 4.1
42 2
$D_{2}$ 2 $GL(2, \mathrm{R})$ 3
4.1
$V$(resP. ) D3 $V_{+}(resp. L+)$
$V_{+}$ $=$ $\mathrm{t}F(u, v)\in V|D_{3}(F)>0\}$
$L_{+}$ $=$ $L\cap V_{+}$
$L+$ $F(u, v)=x1u^{3}+x_{2}u^{2}v+X3uv2+x_{4}v^{3}$ Hessian $H(F)$
$H(F)(u, v)=- \frac{1}{4}$
$\frac{\partial^{2}F}{\partial u^{2}}$ $\frac{\partial^{2}F}{\partial u\partial v}$
$\frac{\partial^{2}F}{\partial u\partial v}$ $\frac{\partial^{2}F}{\partial v^{2}}$
$=Au^{2}+Buv+Cv^{2}$
$A=x_{2^{-3}13}^{2}xx$ , $B=x_{2}x_{3}-9x1X_{4}$ , $C=x_{3^{-}4}^{2}3_{X}2^{X}$
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4.1 (cf. $\mathrm{D}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{n}\mathrm{p}_{0}\mathrm{r}\mathrm{t}[\tau]$) $V_{+}$ $F(u, v)$ Hessian $H(F)(u, v)$
(i) $D_{3}(F)$ $D_{2}(H(F))$
$D_{2}(H(F))=-3D_{3}(F)$
(ii) $H(F)(u, v)$ 2 2
(iii) $GL(2, \mathrm{Z})$ $g$
$H(gF)(u, v)=(detg)^{2}g(H(F))(u, v)$
3 ( ) 2
2 Au2+Buv+Cv2 $|B|\leq A\leq C\text{ }$
$B=A$ $A=C$ $B\geq 0$ 2
2 2 2 $SL(2, \mathrm{Z})$
$L+$ $F(u, v)$ $SL(2, \mathrm{z})$ -E $-F(u, V)$
$F(u, v)=X_{1}u^{3}+X_{2}u^{2}v+x3uv^{2}+X_{4}v^{3}$ $D_{3}(F)\neq 0$
$x_{1}=X_{2}=0$ $L_{+}$ -E
$x_{1}=0$ $\mathrm{x}_{2}>0_{\text{ }}$ $x_{1}>0$
$L+$ $F(u, v)=X_{1}$u3+x2u2v+x3uv2+x4v3 $x_{1}=0$ $x_{2}>0$




4.1 (H. $\mathrm{D}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{n}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}[7]$ ) $x_{1},x_{2},X_{3,4}x$ $A,$ $B,$ $C$ $D_{\mathit{3}}$
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$A=x_{2}^{2}-3_{X_{1}X_{3}}$ , $B=x_{2}x_{3}-9x1x_{4}$ , $C=x_{\mathit{3}^{-3}24}^{2}xX$ ,
$D_{3}=18x_{1}X_{2^{X}}3^{X_{\mathit{4}}}+x_{2}^{2}X_{\mathit{3}^{-}}^{2}4x1x3^{-4X_{\mathit{4}}}3x23-27x_{1}\mathit{2}x_{4}^{2}$
$|B|\leq A\leq C$ 0<D3\leq X







































3 $F(u, v)$ $SL(2, \mathrm{Z})$ $g$ 3
$g$ $H(F)(u, v)$ $F(u, v)$ 3
$H(F)(u, v)$ S (2, Z) $F(u, v)$
4.2 (cf. $\mathrm{D}\mathrm{a}\mathrm{V}\mathrm{e}\mathrm{n}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}[\tau]$) $L_{+}$ S (2, Z) 1
3 $F(u, v)$ $F(u, v)$ 3
$F(u, v)$
(i) $H(F)$ ( $u$ , v)=Au2+Auv+Av2 1
(ii) $H(F)(u, v):Au^{\mathit{2}}+Av\mathit{2}$ 2
(iii) $H(F)(u, v)$ $(\mathrm{i}),(\mathrm{i}\mathrm{i})$ 1
order
4.3 (cf. Davenport[7]) $L_{+}$ 3 $F(u,v)$ $SL(2, \mathrm{Z})$
order
(i) $H(F)$ ( $u$ , v)=Au2+Auv+Av2 3
(ii) $H(F)(u, v):Au\mathit{2}+Av^{\mathit{2}}$ 1
(iii) $H(F)(u, v)$ $(\mathrm{i}),(\mathrm{i}\mathrm{i})$ 1
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4.2
$V(resp. L)$ D3 $V_{-}(reSp. L_{-})$
$V_{-}$ $=$ $\{F(u, v)\in V|D_{\mathit{3}}(F)<0\}$
$L_{-}$ $=$ $L\cap V_{-}$
$L_{-}$ $F(u, v)=x_{1}u^{\mathit{3}}+x_{2}u^{2}v+x_{3}uv^{2}+x_{4}v^{\mathit{3}}$
(i) $x_{1}\neq 0$ $\theta,$ $P,$ $Q,$ $R$
$F(u, v)=(u-\theta v)(Pu^{2}+Quv+Rv^{2})$




$-E$ $F(u, v)$ -F(u, $v$ )
$P$ $Pu^{\mathit{2}}+Quv+Rv^{2}$ 2 2
$Pu^{2}+Quv+Rv^{2}$ $K(F)(u, v)$
1 $M(F)(u, v)$
$F(u, v)=M(F)(u, v)K(F)(u, v)$
$x_{1}=0$ $x_{\mathit{2}}>\mathit{0}$ $x_{1}>0$ P
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$K(F)(u, v)$ 2 $L_{-}$ $F(u, v)$ 3






$D_{\mathit{3}}<0$ $x_{1}\neq 0$ 3
$x_{1}\neq 0$ 3
4.2 (H. Davenport [7]) $\theta,$ $P,$ $Q,$ $R\in \mathrm{R}$
$|Q|\leq P\leq R$
$\triangle=-D_{\mathit{3}}=(4PR-Q2)(P\theta^{\mathit{2}}+Q\theta+R)^{\mathit{2}}$ ,
$x_{1}=P$, $x_{2}=Q-P\theta$ , $x_{3}=R-Q\theta$ , $x_{\mathit{4}}=-R\theta$ .
$0<\Delta\leq X$
$\mathit{0}<x_{1}<2X^{\frac{1}{4}}$ , $|x_{2}|<3X^{\frac{1}{4}}$ ,














$|x_{2}|$ $\leq$ $P+P|\theta|\leq(PR^{\mathit{3}})^{\frac{1}{4}}+(P^{\mathit{3}}R\theta^{4})^{\frac{1}{4}}\leq 2(\Delta)\overline{3}\overline{4}$
$|x_{1}x_{4}|$ $=$ $PR| \theta|\leq(PR^{3})^{\frac{1}{4}}(P\mathit{3}R\theta^{4})^{\frac{1}{4}}\leq(\frac{4}{3}\Delta)^{\frac{1}{2}}$




$A,$ $B$ $(A+B)^{\mathit{3}}\leq 4(|A|^{3}+|B|^{3})$
$|x_{1^{X_{3}^{\mathit{3}}}}|$ $\leq$ $4P(R^{\mathit{3}}+P^{\mathit{3}}|\theta|^{\mathit{3}})$







. 3 $F(u, v)$ $SL(2, \mathrm{Z})$ $g$ 3
$g$ $K(F)(u, v)$ $F(u, v)$ 3
$K(F)(u, v)$ $SL(2, \mathrm{Z})$ $F(u, v)$
4.4 (cf. $\mathrm{D}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{n}_{\mathrm{P}^{\mathrm{O}}}\mathrm{r}\mathrm{t}[7]\rangle L_{-}$ $SL(2, \mathrm{Z})$ 1
3 $F(u, v)$ $F(u, v)$ 3
$F(u, v)$ .
(i) $K(F)$ ( $u$ , v)=Pu2+Puv+Pv2 3
(ii) $K(F)$ ( $u$ , v)=Pu2+Pv2 2
(iii) $K(F)(u, v)$ $(\mathrm{i}),(\mathrm{i}\mathrm{i})$ 1
order
4.5 (cf. $\mathrm{D}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{n}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}[7]\rangle L_{-}$ 3 $F(u, v)$ $SL(2, \mathrm{Z})$
order 1
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